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I. INTliODUCTION ERIODIC structures are of considerable importance in P such areas as electromagnetics, optics, and acoustics.
More specifically, dielectric gratings are used for beam deflection, beam combining, multiplexing and demultiplexing in integrated optics applications. In addition, their frequency selective characteristics are utilized for filtering purposes both at microwave and optical frequencies. Additional applications include optical holography, where the periodic structure is used as an information storage device, and quasi-phase-matched second-harmonic generation, where periodically segmented waveguides are used for compensation of propagation-constant difference between pump and second-harmonic wave by the periodicity of the structure.
The problem of diffraction by gratings, both dielectric and metallic, has been analyzed with a variety of different methods, both analytical and numerical. Rigorous analytical methods are limited however to gratings with special simple groove shapes [I] The numerical method presented in this paper is based on a finite element formulation which utilizes the periodicity of the geometridmaterial properties of the structure in order to reduce the dimensionality of the problem and thus improve computational efficiency. More specifically, the two dimensional boundary value problem is reduced into a system of coupled ordinary differential equations which is then solved using one-dimensional finite elements. The proposed method is an extension of the method presented in [13] and can handle non-homogeneous periodic dielectric structures. The mathematical formulation and the finite element approximation of both the scattering problem and the eigenvalue problem are presented in Section 11. The formulation is for the case of transverse electric (TE) polarization, Le., for the case where the electric field has a single component polarized along the axis of invariance. In Section 111, results are presented from the application of a computer program based on the proposed method to the numerical solution of plane wave diffraction by a variety of gratings. Results from the dispersion analysis of periodically segmented, non-homogeneous optical waveguides are presented also. The paper concludes with a summary and a discussion on the extension of the proposed formulation to the case of transversely magnetic (TM) polarized field, Le., the case where the magnetic field has a single component polarized along the axis of invariance of the periodic structure.
FORMULATION OF THE PROBLtM
We present the mathematical formulation and the subsequent finite element approximation for the diffraction problem. The formulation of the eigenvalue problem is easily obtained from the one for the diffraction problem by minor modifications as discussed at the end of this section.
In our model, a TE polarized (Ey, H,. H , ) plane wave is incident upon an infinitely periodic dielectric grating structure at an angle O"'c as shown in Fig. I . The geometry is assumed to be infinite in the y-direction; therefore, the field quantities only vary in s and z . Regions I and 111 are assumed to be homogeneous, while Region 11, which contains the grating, is assumed to have a constant permeability and an inhomogeneous complex permittivity t;(.c, z) where 6 ; = t2 -j a / w . Since F; is periodic in s, it can be described mathematically by f z ( . r , z ) 
The wave number ki in region i is defined to be k l = w2p;tf, and the c:xp(jwt) time variation is suppressed.
The incident electric field Einc, propagating with its vector on the zz plane at an angle Oinc with respect to the z axis, is given by +.
(2)
where /30 = kl sin Binc and yo = kl cos Oinc (Fig. 1) . As it illuminates the grating structure, the resulting transmitted and reflected fields contain an infinite number of both propagating and evanescent plane waves or "orders." To characterize these fields, Floquet's theorem can be used since the dielectric grating is periodic. Thus, both the reflected field E; in Region I and the transmitted field E; in Region 111 can be written in terms of an infinite sum of plane waves. Because the sums must be computed numerically, they are truncated to a finite number of terms. If we assume that 2L + 1 terms provide an adequate approximation to the fields, then the reflected and transmitted fields are approximated by the truncated Rayleigh series
where b is the thickness of Region I1 along the z direction, p, = PO + 2n7r/d, and d is the length of periodicity in 5 . The coefficients, A , and B, are as yet unknown.
The calculation of the fields in the grating structure is not trivial due to its inhomogeneous nature. To solve this problem, we recall from Floquet's theorem that the electric field in Region I1 can be approximated by a truncated Fourier series expansion n=-L where once again 2L + 1 terms have been kept in agreement with (3), (4). The function k~ ( x , z ) is also periodic in 5 and can be approximated by
where b, must be computed for the geometry of interest.
As shown later, the number of terms, 2M + 1, used for the expansion in (6) Substituting (5) and (6) 
Simplifying and rearranging terms, we get
Multiplying (8) by the weighting function exp(j&x), integrating over 5 from 0 to d, and invoking the orthogonality relation for exponentials, we get
The presence of the convolution terms bq-n in (9) implies that M = 2L. Consequently, twice as many terms must be used in the Fourier series approximation of as are used in the field approximation. We can also write (9) in matrix form as follows:
where {a(.)} is a vector with 2L + 1 elements and [ D ( z ) ] is a matrix with elements
It is clear that (10) is a truncated infinite matrix equation. Thi\ truncation is due to the finite number of terms uwd i i i 1hc expansions (3, (6) . Futhermore. the weighting prow\\ u\ed
to obtain (9) has filtered out certain higher order terms that result from the multiplication of (5) and (6). As explained in [12] , the effect of neglecting these terms is insignificant. The simultaneously by a one-dimensional application of FEM in the z direction where there are 2 L + 1 degrees of freedom per node. Using the method of weighted residuals over the interval -b < z < 0 and a Galerkin approximation, we obtain a weak form of (10) which is given by
The expressions in (1 6) and (17) can be used in ( 12) to modify its right hand side as follows:
At this point, the coefficients A , and B,, are unknown. However, they can be expressed in terms of { a } ( ' ) and {a}'") by imposing the boundary condition for the continuity for of E, at z = 0 and z = -b. The boundary condition at z = 0 is 1 1
where $ j are the trial functions used for the approximation of {Q(Z)} (19) (13) Again, equations (2), (3), and (5) can be used to write, (21) and (22) into (18), we can solve the matrix equation for { a } ( J ) .
The fields in Region I1 can then are obtained in terms of { a } ( ' ) and { a } ( N ) from (21) and (22), respectively, This completes the solution.
For the case of the eigenvalue problem for the dispersion analysis of electromagnetic wave propagation in a periodic dielectric structure, there is no source term, Le., the amplitude of the incident plane wave is set to zero. Thus, the finite element approximation to the eigenvalue problem is obtained in the periodic waveguide structure is that the determinant of the coefficient matrix of the linear system resulting from the substitution of (21) and (22) 
NUMERICAL RESULTS
For the numerical results presented in this paper, linear interpolation functions were used for the FEM approximation.
The number of elements used must be chosen in such a way that the variation of the index of refraction in z is resolved sufficiently and the numerical dispersion error is minimized. For all the examples in this paper, 20 elements per "effective wavelength" were used, where the "effective wavelength" is defined to be the wavelength in a medium with index of refraction equal to the weigthed average of the index of refraction inside the grating.
To validate the method, numerical results are generated for various geometries and compared to available solutions in the literature. In addition, for the first example, the electromagnetic scattering from a finite number of periodic cylinders is computed with the bymoment method [16] for comparison to our method. It is assumed that Regions I and 111 are free space and that the permeability in Region I1 is that of free space for all plane wave diffraction examples. case, = 4, The agreement is excellent. very good agreement is also observed for the second case ( € 2 = 2.4to), as illustrated Li and Burke solved this problem for the TM case neglecting the variation of n2 with depth [l 11. One of their conclusions (supported by experimental verification) was that the effective propagation constant could be calculated with acceptable accuracy by replacing the segmented waveguide with a uniform one with a refractive index equal to the weighted average of the high and low indices. In the following, we present a series of caculations aimed at examining the validity of this conclusion for the TE case with the inhomogeneity of n 2 taken into account. More specifically, we solved the eigenvalue problem both for a segmented waveguide with homogeneous n2, and a segmented guide with the complementary error function profile given at the end of the previous paragraph. Our calculations were for a free-space wavelength, XO, of 0.85 pm. Notice that for this wavelength, the period of the structure is 5.88 XO, or -10x1, where XI is the wavelength in the substrate. To model this structure accurately, 15 terms were used for the Rayleigh series representations of the field (i.e., L = 7). Results from the analysis are shown below for two cases:
where N,rff is the complex effective index of refraction of the guided wave. From N&, the effective index of refraction, N,R, and guided-wave field power attenuation rate, a, are given by a = 2koI1n(N,*~) .
Using (24). attenuations of 0.00023 Np/mm and 0.00084 Np/mm for 10% and 50% duty cycles respectively are obtained for the segmented waveguide. It is evident from the physical size of the structure (-1 mm) that these attenuation values are negligible. As far as the values of N,E are concerned, the agreement between the segmented and the uniform guides is within 0.02% for the 50% duty cycle case and within 0.05% for the 10% duty cycle case. These results indicate that the conjecture made in [ l I] remains valid when the inhomogeneity of the high-index regions is taken into account.
Iv. SUMMARY A N D DISCUSSION
In summary, this paper has presented a numerical technique for the analysis of electromagnetic wave interaction with two-dimensional dielectric periodic structures. The proposed formulation takes advantage of the periodicity of the geometridmaterial properties of the structure, the pseudo-periodicity of the propagating fields, and the modeling capability of the finite-element method, to achieve a computationally efficient scheme for the analysis of periodic structures of high complexity. Results have been presented for both diffraction from dielectric gratings as well as propagation in periodically segmented waveguides. Comparisons with results generated using altemative methods have demonstrated the accuracy of the proposed method.
The computational efficiency of the proposed methodology is mainly due to the use of Rayleigh series to represent the field variation along the axis of periodicity. Such representations, in conjunction with the implementation of finite elements for field discretization in the transverse direction, are responsible for the block tri-diagonal structure of the matrix resulting from the numerical approximation. The size of the submatrices (blocks) depends on the number of terms used in the Rayleigh series representations for the fields (2L+ 1). Obviously, as dielectric profile complexity, dielectric contrast, and electrical size of the period increase, larger values of L will be required. However, in all cases the number of terms in the truncated Rayleigh series will be much smaller than the number of nodes needed for field discretization in the longitudinal direction for a twodimensional FEM solution of the problem.
Indeed, let us consider the number of linear elements required for a standard FEM modeling of the aforementioned segmented waveguide using finite element approximations in both 5 and z. Considering that the length of the period is N 10 substrate wavelengths and assuming that 15 elements per substrate wavelength are used, -150 elements for the discretization along z along the direction of periodicity will be required, a ten-fold increase in the number of unknowns compared to the proposed hybrid formulation. Throughout the paper, the formulation and the associated numerical results were for the TE case. The proposed methodology may be extended to the case of TM polarization in a fairly straightforward manner provided that the dielectric media are continously varying. Indeed, the pertinent Helmholtz equation for this polarization is where V t = xc-d/ds + zd/dz. Clearly, the approach of Section 11, where the Rayleigh series representation for H,, and the Fourier series expansion for the permittivity are directly substituted in (25), becomes problematic when t has step discontinuities in z. Indeed, the differentiation of ( l / c ) , required in (25), presents us with the problem of taking the Fourier transform of a delta function, which is certainly undesirable from a numerical convergence point of view. However, a remedy is available for such cases and is presented in the Appendix.
APPENDIX

Weak Statement for TM Scattering from Periodic Dielectric Structures with Step Discontinuities in the Permittivity t
The basic idea here is to first develop the weak statement of (25) in two dimensions in a weighted-residual sense. The domain of interest, S , is one period of the structure as shown in Fig. 9 . Using standard integration-by-parts procedures and the vector identity a symmetric weak statement for the boundary value problem governed by (25) is obtained (27) where i3S denotes the boundary of S, 6 is the outward pointing In view of (28)- (30), the left-hand side of (27) 
The finite element discretization of the system of equations in (34) follows closely the one for the TE case as presented in the main body of the paper following equation (12). We only mention here that the terms E,(z,z = -b) and EZ(.c1z = 0 ) in (34) facilitate the direct implementation in the weak statement of the continuity of the tangential components of the electric field at the interfaces of the inhomogeneous Region I1 with Regions I11 and I, respectively. The remaining continuity conditions for HzI at these two interfaces are used to close the system of unknowns in a manner identical to the one described in detail for the TE case and formalized in equations (19) through (22). The presence of the convolution terms bq-n in (30) implies that M = 2L in (29) as was the case with the TE polarization. As far as the right-hand side of (27) is concerned, we recognize immediately the term t-l(dH,/an) to be directly proportional to the associated tangential component of the electric field. Thus, splitting the integral into four parts, one part for each of the left, right, bottom and top segments of the contour d S . we may cast it in the form 
